Reannihilation of self-interacting dark matter by Binder, Tobias et al.
Reannihilation of self-interacting dark matter
Tobias Binder,1, ∗ Michael Gustafsson,1, † Ayuki Kamada,2, ‡
Stefan Marinus Rodrigues Sandner,3, § and Max Wiesner4, ¶
1Institute for Theoretical Physics, Georg-August University Go¨ttingen,
Friedrich-Hund-Platz 1, Go¨ttingen, D-37077 Germany
2Center for Theoretical Physics of the Universe,
Institute for Basic Science (IBS), Daejeon 34051, Korea
3Department of Physics, University of Hamburg, Jungiusstraße 9, D-20355 Hamburg, Germany
4Bethe Center for Theoretical Physics and Physikalisches Institut der Universita¨t Bonn, Nussallee 12, 53115 Bonn, Germany
(Dated: March 19, 2018)
We explore the phenomenology of having a second epoch of dark matter annihilation into dark ra-
diation long after the standard thermal freeze-out. Such a hidden reannihilation process could affect
visible sectors only gravitationally. As a concrete realization we consider self-interacting dark mat-
ter (SIDM) with a light force mediator coupled to dark radiation. We demonstrate how resonantly
Sommerfeld enhanced cross sections emerge to induce the reannihilation epoch. The effect is a tem-
porally local modification of the Hubble expansion rate and we show that the Cosmic Microwave
Background (CMB) measurements — as well as other observations — have a high sensitivity to
observe this phenomenon. Special attention is given to the model region where late kinetic decou-
pling and strong self-interactions can alleviate several small-scale problems in the cold dark matter
paradigm at the same time. Interestingly, we find that reannihilation might here also simultaneously
lower the tension between CMB and low-redshift astronomical observations of H0 and σ8. More-
over, we identify reannihilation as a clear signature to discriminate between the phenomenologically
otherwise almost identical vector and scalar mediator realizations of SIDM.
I. INTRODUCTION
The cosmological ΛCDM model has been very success-
ful in describing the large-scale structures of the Uni-
verse. Its cold dark matter (CDM) ingredient consists
of a collisionless matter component that enables to fit
the observed anisotropies in the Cosmic Microwave Back-
ground (CMB) [1] and to explain their evolution to form
structures such as galaxies. Despite these successes, there
are potential tensions between some of its predictions and
observations (see, e.g., Ref. [2]). On dwarf galactic scales,
there is the “missing satellite problem” of too few discov-
ered satellite galaxies around the Milky Way [3, 4] and
the “core-cusp problem” of too cored, rather than cuspy,
dark matter (DM) density profiles [5, 6] when compared
to predictions in CDM setups. The “too-big-to-fail prob-
lem” [7] tries to sharpen these arguments by pointing
out that in particular the biggest satellites in simula-
tions, which should not fail to form stars and not escape
detection, have DM density profiles more concentrated
than those observed [8, 9]. The situation is however
complicated by the fact that uncertain feedbacks from
baryonic processes can be expected to play a role on sub-
galactic scales [10–12]. Nevertheless, it has been claimed
in Refs. [13–15] that current state-of-the-art hydrody-
namic simulations [16] — taking into account baryonic
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feedbacks in CDM setups — have not been able to pre-
dict the observed diversity of rotation curves in dwarf
galaxies (see, however, e.g., Ref. [17] for a possible expla-
nation in CDM setups).
A possible way to address the missing satellite prob-
lem is to keep the DM particles in kinetic equilibrium
with a relativistic species until the Universe cooled down
to keV temperatures. This would lead to dark acoustic
oscillations of density fluctuations below sub-Mpc scales
and consequently to the suppression of the abundance of
satellite galaxies [18–27]. A possibility for addressing the
core-cusp problem is to have a large DM self-scattering
cross section of the order of σ/mDM ∼ 1 cm2g−1 on sub-
galactic scales (with a typical rotation velocity v0 ∼
30 km/s) [28]. This cross section must presumably de-
crease with velocity to allow for a smaller impact on
galaxy cluster scales (with v0 ∼ 103 km/s) where no de-
viations from CDM predictions are observed [29]. Such
strongly self-interacting dark matter (SIDM) particles
would also be more sensitive to gravitational feedback
from baryons, enabling them in addition to explain the
diversity in rotation curves of dwarf galaxies [13, 14].
It is interesting that all this phenomenology can arise
naturally in simple three-particle models, where a light
force mediator (φ) induces both the desired strong DM
(χ) self-interaction and late DM kinetic decoupling from
a thermal background particle (l). The new force me-
diator could be either a vector or a scalar boson, both
giving Yukawa potentials with proper velocity dependent
χ-χ scattering. These SIDM setups can then produce the
observed DM abundance via standard thermal freeze-out.
It has recently been shown that these particular types
of SIDM models are strongly constrained if the medi-
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2ator dominantly decays to visible standard model (SM)
particles: the vector mediator setup is in tension with in-
direct detection experiments and CMB observations [30–
32]; and most of the parameter space for scalar mediator
setups are ruled out by direct detection bounds and big
bang nucleosynthesis (BBN) data [33].
A still perfectly valid setup exists if the dark sector
is essentially closed. That is, with the mediator being
a singlet under the SM gauge groups, the above con-
straints are clearly avoided. Meanwhile the DM self-
interaction properties all remain and the thermal DM
freeze-out would occur from a dark radiation background.
In this work, we investigate a novel cosmological sig-
nature of these SIDM models to discriminate between
vector and scalar boson mediator setups — in the case of
a fully closed dark sector. With a light mediator present,
Sommerfeld enhanced cross sections are expected with
particularly strong enhancements possible for small DM
particle velocities. For s-wave annihilation, exclusively
present in the vector mediator case, a second epoch of
annihilation [34–37] can occur after DM kinetically de-
couples from its thermal background. Here, we explore
for the first time the cosmological consequences of such
a reannihilation period in more detail by setting up the
required coupled Boltzmann and Hubble expansion equa-
tions. We show how this impacts the Hubble parameter
significantly enough to be constrained by existing CMB
data. In the SIDM region, we interestingly find that rean-
nihilation allows to ameliorate discrepancies in the CDM
paradigm between CMB and low-redshift astronomical
measurements of the Hubble rate and σ8 [38–45].
The article is structured as follows. In Section II we
review the closely degenerate phenomenology of the vec-
tor and scalar mediator SIDM setups. In Section III,
analytic estimates and the formalism to describe reanni-
hilation are set up. A scan over model parameters are
performed in Section IV and the regions where reanni-
hilation can happen are discussed. We investigate the
impact on cosmology and constraints from CMB obser-
vation in Section V for two different scenarios: reannihi-
lation taking place before and after recombination.
II. LIGHT MEDIATOR SETUPS AND THEIR
PHENOMENOLOGY
In this work, we will consider two effective three-
particle models, each of them having four free parameters
in their Lagrangians
LV ⊃ gχχ¯γµχφµ + gl l¯γµlφµ , (1)
LS ⊃ gχχ¯χφ+ gl l¯lφ , (2)
where gχ and gl are the coupling constants. The DM
particle χ is a spin 1/2 Dirac fermion with mass mχ and
the vector φµ or scalar φ mediator has a mass of mφ 
mχ. The dark-radiation background particle l has spin
1/2 and is considered to be massless.
Assuming that l, φ, and χ form a dark sector, which
effectively decouples from the SM plasma, leads to an
additional free parameter, namely, the temperature ratio:
r ≡ Tl
Tγ
, (3)
where Tl is the dark radiation temperature and Tγ is the
SM photon temperature. Fixing this temperature ratio
at a particular time, e.g., at the temperature TBBNγ =
1 MeV, its further temperature dependence is given from
entropy conservation as
r(Tγ) = rBBN
(
gs(Tγ)
gs(TBBNγ )
)1/3
, (4)
where gs is the SM entropy degrees of freedom and we
assume that entropy production in the dark sector can
be ignored after DM chemically decouples. In this work
we choose, unless quoted differently, rBBN = 0.5, which
turns into r ' 0.35 after electron-positron decoupling
and is compatible with current BBN constraints [46, 47].
Such ratios are achieved if the dark sector kinetically
decouples from the SM plasma above a temperature of
Tγ ' 40 GeV. For this work it is however not required to
specify the coupling to the SM leading to kinetic equi-
libration between the two sectors. Temperature ratios
of this order could also be achieved by some inflationary
models.
In the rest of this section we will highlight the similar-
ities and differences between the two models and present
the phenomenological results to be used in subsequent
sections.
A. Velocity dependent self-interactions
DM self-interactions lead to an iso-thermal DM ve-
locity distribution in the inner region of halos. If the
self-scattering cross section is of the order of σ/mDM ∼
1 cm2g−1 the DM density distribution in dwarf galax-
ies is characterized by a kpc-size core. This mechanism
enables to mitigate the core-cusp and the too-big-to-fail
problems [48]. SIDM alone, however, cannot explain the
observed diversity of dwarf galaxy rotation curves since
it changes the density profile universally among similar-
size halos. Rotation velocities in the inner region are
observed to differ by up to a factor of ' 4 among halos
with a similar rotation velocity in the outer region. This
diversity was not predicted by state-of-the-art hydrody-
namic simulations taking into account baryonic feedbacks
like galaxy formation and supernova explosions [16]. A
key observation is however that the SIDM profile is quite
sensitive to the presence of the baryonic bulge and disk
in the inner part of a galaxy. An iso-thermal DM velocity
distribution is determined by the total gravitational po-
tential, which in the inner region can be dominated by the
galaxy’s baryonic content. Together with the measured
3baryon distribution, SIDM is able to address the observed
diversity in dwarf galaxy rotation curves [13, 14].
A thermalized DM halo, on the other hand, may be
incompatible with observations of galaxy clusters. Its
distribution is virtually spherical, but a strong lens sys-
tem prefers a sizable ellipticity of the lens galaxy clus-
ter [49]. While the projection effect in the lens analysis
is subject to caveat, the constraint would be as severe as
σ/mDM . 0.1 cm2g−1 [50]. A merging cluster system like
a bullet cluster also provides a good test for SIDM. The
reported tight constraint is σ/mDM . 0.7 cm2g−1 [51];
otherwise a sizable amount of DM mass evaporates from
the subclusters during the collision and the resultant sys-
tem is incompatible with the observed mass-to-light ra-
tios. One may have to be careful about the uncertainty
in the unconstrained initial condition of the system. Al-
though it is too early to conclude (see, e.g., Ref. [52]
for a comprehensive summary), the velocity dependence
may have to be introduced into the self-scattering cross
section to reduce the effects of SIDM in galaxy clusters
while keeping a sizable cross section in dwarf galaxies.
The desired velocity dependence can naturally be real-
ized in both the light vector and and scalar mediator
setups of Eqs. (1) and (2) [53, 54].
The averaged self-scattering cross section in a thermal
DM halo with a characteristic velocity v0 can be com-
puted from
(σT )v0 =
4pi
(
√
2piv0)3
∫
σT e
−v2rel/(2v20) v2rel dvrel , (5)
where σT is the transfer cross section:
σT ≡
∫
dΩ (1− cos θ)dσχχ→χχ
dΩ
. (6)
For the Yukawa-potential scattering, induced by our light
mediators, we will use the ETHOS fitting functions for
σT in the classical regime (mχvrel & mφ) — as they are
provided in Eqs. (45) and (46) of Ref. [24] and originally
proposed in Ref. [53]. In the parameter region where s-
wave scattering is dominant (quantum-resonant regime),
we will use the analytic expression provided in Eq. (A5)
of Ref. [53]. We assume DM to be symmetric and aver-
age over particle and antiparticle scattering contributions
as suggested in Ref. [24]. In Section IV we use these
expressions to find the model parameter region where
(σT )30 km/s/mχ ∈ [0.1, 10] cm2g−1 (sizable self-scattering
cross section on dwarf galactic scales).
We remark that neither the ETHOS fitting functions
nor the numerical solution of the scattering amplitude
in Ref. [53] account for the correct quantum statistics in
their computation of σT . They rely on classical assump-
tions like the distinguishability of DM particles. It is hard
to realize proper quantum corrections in SIDM N -Body
simulations, but when adopting a classical treatment it
is at least important to keep track on the expected the-
oretical uncertainties. In Appendix A we compare the
commonly adopted classical approximation of σT to the
proper quantum mechanical treatment [33] for all the
scattering possibilities of our mediator setups. We find
that there are up to factor two corrections on dwarf galac-
tic scales between these two approaches, however, they
have no relevant impact on our results.
B. Dark acoustic oscillations
The coupling between non-relativistic DM particles
and radiation leads to competition between gravity and
radiative pressure. The pressure effect is strong during
kinetic equilibrium between DM and relativistic particles,
leading to dark acoustic oscillations of the DM density
perturbations inside the causal horizon. Therefore, mat-
ter density fluctuations can only grow significantly after
DM kinetically decouples. This leads to the fact that the
resultant matter power spectrum is suppressed on length
scales shorter than the Hubble horizon distance at ki-
netic decoupling. The minimal protohalo mass (or cutoff
mass) below which the halo mass function is suppressed
can be estimated by the mass inside a sphere with the
radius of the Hubble horizon at the time of DM kinetic
decoupling:
M cut ≡ ρm 4pi
3
(
1
H
)3 ∣∣∣
DM kinetic decoupling
= 2.2× 108r3kd
(
1 keV
T kdl
)3
M . (7)
Here, ρm is the total matter density and H is the Hubble
expansion rate. We see that a kinetic decoupling temper-
ature T kdl of the order of 1 keV leads to the suppression
of the halo mass function on dwarf-galaxy masses and
hence addresses the missing satellite problem. Especially
in our case of late kinetic decoupling and non-relativistic
DM, this damping dominates over the free-streaming ef-
fect. The damping mechanism of dark acoustic oscil-
lations has been extensively investigated by many au-
thors [18–27, 55–67] — in part also in the context of
SIDM. For a classification of DM models leading to late
kinetic decoupling we refer readers to Ref. [68].
In our setups both the mediator φ and the fermionic
particle l can act as pressure sources leading to dark
acoustic oscillations. In the parameter space we will con-
sider, the scattering between DM χ and l dominates over
that between χ and φ. The kinetic decoupling temper-
ature T kdl can be defined as the temperature when the
Hubble expansion rate H equals the momentum transfer
rate γ.1 In Refs. [24, 27] the momentum transfer rate is
1 For a more precise definition of a kinetic decoupling temperature
and its matching to the non-linear cutoff in the matter-power
spectrum, see Refs. [24, 25, 69, 70].
4derived to be
γ=
1
6mχTl
∑
sl
∫
d3pl
(2pi)3
f eql (1− f eql )
0∫
−4p2l
dt(−t)dσ
dt
vrel , (8)
and explicit expressions of the elastic l-χ scattering cross
section dσ/dt vrel and the kinetic decoupling temperature
can be found in Refs. [27, 68]. This momentum transfer
rate of l-χ scattering scales as γ ∝ T 6l for both scalar and
vector mediators. Furthermore, both scenarios acquire
the same minimal halo mass M cut for similar coupling
constants and particle masses [27]. The suppression of
the halo mass function mainly depends on the mediator
mass mφ and for both models a cutoff mass around the
dwarf galactic scale can be achieved for mφ of the order
of 1 MeV.
The predicted matter power spectra for scalar and vec-
tor mediators differ slightly in shape due to differences
in the angular dependence of their χ-l scattering ampli-
tudes [24, 25]. As a consequence, the two models are
in principle distinguishable, but in a recent study [71] it
was shown that the differences are too small to be seen in
current CMB observations. Future observations of CMB
spectral distortions, however, might be sensitive enough
to discriminate models where DM is kept in kinetic equi-
librium via SM photon scattering and where the DM ki-
netic equilibrium is kept via SM neutrino scattering [72].
Recently, a combined Ly-α forest data analysis [73]
constrained the damping of the matter power spectrum
due to the free-streaming effect of warm dark matter
(WDM). The lower limit on the WDM mass can be ap-
proximately translated into a lower limit of the kinetic
decoupling temperature by equating the suppressed mat-
ter power spectra in a certain range of wavelengths. The
authors of Ref. [74] found with this estimate a lower limit
of T kdl /r & 1 keV (0.6 keV),2 which results in according
to Eq. (7) an upper limit on the cutoff mass of
M cut . 2× 108M (109M) . (9)
Cutoff masses in the range 107 to 109M are indicated
in Fig. 4 of Section IV, where M cut is a function of
our model parameters as determined from Eqs. (3.14)
in Ref. [27].
C. Sommerfeld enhanced annihilation
The two models differ in the leading-order cross section
results of their DM annihilation channels: χχ¯→ φφ and
χχ¯→ ll¯. In the vector mediator case, both processes are
2 The strong (respective the weak) limit is derived from the
Lyman-α measurements in Ref. [73], where a power-law assump-
tion (respective a free floating value) is used to describe the red-
shift evolution of the intergalactic medium temperature.
s-wave dominated and in the scalar mediator case they
are p-wave dominated. Generically for both models, the
annihilation rate is Sommerfeld enhanced in the DM non-
relativistic regime and for each particular annihilation
channel the cross section factorizes into a short and a
long-range contribution:
(σvrel)V ' Ss(vrel)
∑
i
(σvrel)
s
0,i , (10)
(σvrel)S ' Sp(vrel)
∑
i
(σvrel)
p
0,i . (11)
The long-range force corrections are encoded in the ve-
locity dependent Sommerfeld factor S(vrel) multiplying
universally the tree-level cross section (σvrel)0,i for each
particular annihilation channel i. In particular, the vec-
tor mediator model has
(σvrel)
s
0,φφ '
piα2χ
m2χ
, (12)
(σvrel)
s
0,ll¯ '
piαχαl
m2χ
, (13)
where αχ(l) ≡ g2χ(l)/4pi and in the scalar mediator case
the corresponding tree-level cross sections are instead
(σvrel)
p
0,i ∝ v2rel.
S(vrel) can be obtained from the two DM particles’
wave-function value at the interaction point by numeri-
cally solving their Schro¨dinger equation with the poten-
tial resulting from t-channel exchanges of the light me-
diator [75–78]. In the static limit, both mediator types
induce a Yukawa potential. It was shown in Ref. [79] that
the Sommerfeld factor resulting from the Hulthe´n poten-
tial describes very accurately the numerical solution of
the Schro¨dinger equation with a Yukawa potential. The
advantage of the Hulthe´n potential is that analytic so-
lutions of S for s- and p-waves are known. The expres-
sion of S for s-wave annihilation is given by (see, e.g.,
Ref. [79])
Ss(vrel) =
pi
v
sinh
(
12v
φpi
)
cosh
(
12v
φpi
)
− cos
[
2pi
√
6
φpi2
−
(
6v
φpi2
)2] ,
(14)
where the two dimensionless parameters are defined as
v ≡ vrel
2αχ
, (15)
φ ≡ mφ
αχmχ
. (16)
The Sommerfeld factor in Eq. (14) is resonantly enhanced
if the parametric condition,
φ =
6
n2pi2
with n ∈ Z+ , (17)
is fulfilled. The position of the nth “Sommerfeld reso-
nance” is the same for s- and p-wave annihilation (ex-
cept for n = 1 where the resonance is absent in Sp). We
5will refer to this equation as the “parametric resonance
condition”. For this work, the most important difference
is that only in the case of s-wave annihilation, the total
cross section scales as
(σvrel)V ∝ v−2rel for vrel . mφ/mχ , (18)
when φ is close to a resonance condition. For p-waves,
the cross section is constant in this regime and never
scales stronger than v−1. The v−2 feature of (σvrel)V is
thus only available in the vector mediator model.
The implications of the strongly velocity dependent en-
hancement in Eq. (18) are the main part of this work.
As we will see, it can lead to a reannihilation period
where the comoving DM number density significantly de-
creases a second time. What is important to note is that
the analytic formula of the Sommerfeld factor as given
in Eq. (14) can violate the s-wave unitarity bound for
low velocities when the parametric resonance condition
is exactly (or almost) fulfilled. In the numerical analyses
in the subsequent sections we will therefore always use
the improved analytic solution provided in Ref. [80], ac-
counting for a physical behavior on top of a resonance
and correcting the approximate expression in Eq. (14)
for extremely low relative velocities. In Appendix B, we
provide the details of this improved analytic formula and
discuss the important role of saturation of (σvrel)V below
the unitarity limit.
III. AN EPOCH OF REANNIHILATION
In the previous section we put emphasis on the very
similar phenomenology of the two light mediator models
in Eqs. (1) and (2): they are practically identical candi-
dates for alleviating multiple small-scale structure forma-
tion issues in a comparable model parameter space. In
the following, we point out that even in the case of not
including any couplings at all to SM particles and there-
fore “hiding” the dark sector, the impact on cosmology at
late times can be significantly different. More precisely,
we show that only in the vector mediator case a strong
Sommerfeld enhancement, such as in Eq. (18), can lead
to a second period of annihilation.
In Fig. 1 an example of a reannihilation epoch is shown.
After kinetic decoupling the DM abundance decreases
by one order of magnitude before the time of matter-
radiation equality. The final χ relic abundance coincides
with the observed CDM value, Ωch
2 = 0.1197 (central
value of “Planck 2015 (TT+lowP)” analysis [1]). In Sec-
tion III A, we provide analytic estimates and an intuitive
understanding of when and in which region of the param-
eter space of the vector mediator model reannihilation
can happen.
The reannihilation process necessarily starts after ki-
netic decoupling, as in the example of Fig. 1. During this
process, the evolution of the DM temperature Tχ does
not follow the typical Tχ ∝ T 2l scaling for kinetically
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FIG. 1. Reannihilation process shown as a function of
x ≡ mχ/Tγ , changing the DM co-moving number density
Y ≡ nχ/s by one order of magnitude. The final abundance
coincides with the correct value (black horizontal line). Here,
we have chosen the parameters mχ = 1 TeV, αχ = 0.007,
mφ ' 1 GeV and the resonance number n ' 2 (where mφ is
tuned to get the correct relic density). Between the gray solid
lines kinetic decoupling happens and the scaling of the DM
temperature changes from Tχ ∝ T to Tχ ∝ T 2. The dashed
gray line indicates the start of reannihilation, where velocity-
dependent annihilation lead to deviation from the Tχ ∝ T 2
scaling.
decoupled non-relativistic particles, since the Sommer-
feld enhancement leads to a strongly velocity dependent
annihilation cross section. The DM particles preferably
annihilate at low momenta, which leads to an increase of
the DM temperature and in turn influences the annihi-
lation rate. It requires to go beyond the standard way
of describing the DM number density evolution [81] to
cover kinetic decoupling and the impact of DM velocity
dependent annihilation on the DM temperature. In Sec-
tion III B we adopt the method developed in Ref. [37]
(and first estimated in Ref. [35]) of how to deal with the
number density computation in such a case correctly. We
further extend the set of equations by including the im-
pact of the injected dark radiation on the expansion rate.
Moreover, we provide a reliability check of the method
proposed in Ref. [37] by solving the Boltzmann equation
at phase-space density level.
A. Estimates
To analytically quantify if and when DM reannihilation
happens, we study the ratio between the annihilation and
expansion rates:
Γ ≡ 〈σvrel〉x′ Y
H/s
, (19)
where the dimensionless form of the DM number density
nχ is defined as
Y ≡ nχ
s
. (20)
6Here, the SM entropy s = gs(2pi
2/45)T 3γ and the Hub-
ble expansion rate, H ∝ √geff T 2γ during radiation dom-
ination and ∝ T 3/2γ during matter domination, are both
dynamical functions of
x ≡ mχ
Tγ
. (21)
We follow the evolution of Γ after the first freeze-out, so
that we can assume Y to be constant until the start of
reannihilation. The thermally averaged cross section is a
function of the DM temperature Tχ and can be written
in the non-relativistic limit as
〈σvrel〉x′ = (x
′)3/2
2
√
pi
∫ ∞
0
(σvrel) e
−x′v2rel/4 v2rel dvrel , (22)
where it is a function of
x′ ≡ mχ
Tχ
. (23)
We note that for a cross section of the form of (σvrel) ∝
v−nrel , where we consider here only n = 0, 1, 2, the ther-
mally averaged cross section can be computed analyti-
cally and scales as 〈σvrel〉x′ ∝ x′−n/2.
To now estimate the scaling of Γ as a function of x, we
approximate the kinetic decoupling as an instantaneous
process such that we can write
x′ =
{mχ
Tl
= xr before kinetic decoupling,
mχT
kd
l
T 2l
= x
2
r2xkdl
after kinetic decoupling.
(24)
Here, xkdl ≡ mχ/T kdl and the dynamical temperature ra-
tio r is defined in Eq. (4). The exact evolution of x′,
beyond the approximation of instantaneous kinetic de-
coupling, is a part of the next Section III B.
We provide in Table I the scaling of Γ(x) for different
types of velocity dependent cross sections in the instanta-
neous kinetic decoupling approximation. Let us discuss
some of its entries in the temporal order of the exam-
ple scenario shown in Fig. 1. After chemical decoupling,
where Γ drops below 1, Γ scales as x−1 until the Sommer-
feld factor (or the total s-wave annihilation cross section)
starts to dominantly scale as S ∝ 1/vrel. From this point
to kinetic decoupling Γ further decreases in the phase
of the S ∝ 1/vrel scaling, followed by a period where Γ
stays constant. After kinetic decoupling, when Tχ starts
to drop quickly, the S ∝ 1/v2rel scaling dominates and
leads to an increase of Γ as is highlighted by boldface
x in the table. When Γ starts to approach 1 again, the
DM abundance significantly decreases a second time as
seen in Fig. 1. The reannihilation process stops when the
Sommerfeld enhancement is saturated, finally leading to
(σvrel) ∝ constant and to a fast decrease of Γ — as can
be read off from Table I. The saturation velocity depends
on how parameters combine to the resonance condition,
given in Eq. (17). For Fig. 1 we have chosen a point
slightly next to a resonance, such that the saturation ef-
fect gives the correct value of the relic density. If exactly
on top of the resonance, the reannihilation process would
have been longer, further reducing the abundance of DM.
In general, the evolution pattern of Γ can vary depending
on the model parameters.
An important quantity, used in the following sections,
is the redshift zrea defined by when the DM co-moving
number density changes first by 1 % due to reannihila-
tion. zrea can be determined from the value of Γ and a
detailed derivation is provided in Appendix C. For our
vector mediator model, we find that the onset of the re-
annihilation process is roughly given by
zrea ' 100×
( rkd
0.36
)−5 ( αχ
0.02
)( mχ
TeV
)−3/2 ( mφ
1.2 MeV
)4
,
(25)
where we have assumed αχ = αl and that r does not
change after kinetic decoupling. From this equation it
can be recognized that the onset of reannihilation in the
matter dominated epoch has a strong dependence on the
temperature ratio and the mediator mass. Note that
in the parameter region around the reference values in
Eq. (25), cutoff masses of the order of 108M and sizable
self-interactions on dwarf galactic scales can be achieved
simultaneously. Strictly speaking, the simple power-law
scaling in Eq. (25) is only valid for zrea  zeq, where
zeq ' 3400 is the matter-radiation equality redshift [1],
and when the first freeze-out is not significantly affected
by Sommerfeld corrections. We discuss a more general
expression for zrea in Appendix C 3 that will later be used
in Section IV to identify the parameter region where re-
annihilation happens after recombination.
Another region of interest to identify is where reannihi-
lation stops in the radiation dominated era, because here
a change in the DM abundance has in general less impact
on, e.g., the Hubble expansion rate. This situation oc-
curs if the saturation temperature T satγ is higher than the
matter-radiation equality temperature T eqγ = 0.80 eV.
The saturation temperature T satγ as a function of the free
parameters is derived in Eq. (C17). From this equation
it can be read off that the minimum value of T satγ is given
by the minimum αχ value that can give a resonance. This
occurs when n = 1 in Eq. (17), and is given by
αminχ =
pi2
6
mφ
mχ
. (26)
Inserting this into the result of the saturation tempera-
ture [Eq. (C17)], we find
T satγ & T sat, minγ =
0.6 eV
( rsat
0.36
)−1 ( mφ
2 GeV
)4 ( mχ
TeV
)−7/2( T kdl
MeV
)1/2
,(27)
and in the case of αχ = αl the kinetic decoupling tem-
perature in terms of the minimum coupling is given by
T kdl = 1 MeV
(rkd
0.5
)−1/2 ( mχ
TeV
)3/4 ( mφ
2 GeV
)1/2
. (28)
7(
√
geff/gs)× Γ ∝
(σvrel) ∝ radiation-dominated epoch matter-dominated epoch
before kinetic
decoupling
after kinetic
decoupling
before kinetic
decoupling
after kinetic
decoupling
constant x−1 x−1 x−3/2 x−3/2
1/vrel r
−1/2 x−1/2 r−1 r−1/2x−1 r−1x−1/2
1/v2rel r
−1 r−2x r−1x−1/2 r−2x1/2
TABLE I. Evolution of Γ at different cosmological epochs and for different DM annihilation cross sections (σvrel). Only after
kinetic decoupling and with a cross section scaling as 1/v2, the ratio of annihilation over expansion rate, Γ, can grow to enter a
period of reannihilation. Sommerfeld enhanced s-wave annihilation features such a 1/v2 scaling. r is the ratio of dark radiation
to photon temperature, as defined in Eq. (4).
Note that the result in Eq. (27) is quite general and can
be used to estimate the parameter region where one does
not expect to have reannihlation below a certain temper-
ature. It is independent of the physics happening before
kinetic decoupling and only assumes that the maximum
enhancement is given by the s-wave unitarity bound and
that the saturation temperature is lower than the kinetic
decoupling temperature.
Even though we focus on a vector mediator model here,
any DM setup where s-wave annihilation is Sommerfeld
enhanced via a Yukawa potential can lead to an epoch of
reannihilation. Or, more general, any DM model where
the total cross section scales as (σvrel) ∝ v−1−rel , with  >
0, can lead to an epoch of reannihilation. This excludes,
in particular, p-wave annihilation or Coulomb potentials
to have the feature of a reannihilation epoch.
B. Numerical methods
In the previous sections, we established when reannihi-
lation can start and for how long it can last. We now turn
to investigate its exact impact on the DM relic density
and the Hubble expansion. To track the DM number den-
sity [Eq. (20)] and the injected energy density evolution
during reannihilation, we set up the following coupled
differential equations:
dY
dx
= − s
H˜x
〈σvrel〉yY 2 , (29)
dy
dx
=− 2γ
H˜x
[y−yeq]+ s
H˜x
yY [〈σvrel〉y−〈σvrel〉y,2] ,(30)
dYl
dx
= − H
H˜x
Yl +
s
H˜x
〈σvrel〉yY 2 , (31)
where we have defined the dimensionless temperatures as
y ≡ mχTχ
s2/3
(32)
yeq ≡ mχTl
s2/3
=
mχrTγ
s2/3
. (33)
The energy density of the injected dark radiation, given
by
Yl ≡ ρl
mχs
, (34)
is fully included in the Hubble expansion rate
H2 =
8piG
3
[ργ + ρν + ρb + ρdark + ρΛ] , (35)
where the total dark sector energy density is given by
ρdark = 2mχs(Y + Yl) , (36)
with the factor of 2 originating from the sum of DM par-
ticle and anti-particle contributions. H˜ is defined as
H˜ =
H
1 + 13
T
gs
dgs
dT
, (37)
where the evolution of the SM’s entropy degrees of free-
dom gs and the effective number of relativistic degrees of
freedom geff are taken from Ref. [82].
Equations (29) and (30) can be derived from the Boltz-
mann equation in the limit of non-relativistic DM parti-
cles
mχ (∂t −Hp · ∇p) fχ = Cnon-relχχ→φφ,ll[fχ]+Cnon-relχl↔χl [fχ, f eql ] ,
(38)
by taking the zeroth
nχ = g
∫
d3p
(2pi)3
fχ , (39)
and the second moment with respect to momentum
Tχ =
g
3nχ
∫
d3p
(2pi)3
p2
mχ
fχ , (40)
respectively. g is the DM internal spin degrees of free-
dom. Kinetic decoupling from dark radiation is taken
into account by the first term in Eq. (30) and the im-
pact of annihilation on the DM temperature by the last
term in the same equation. Equations (29) and (30) were
8derived for the first time in Ref. [37] and can also be ob-
tained by taking the non-relativistic limit of the more
general equations as fully derived in Ref. [83]. The equa-
tions of the latter work include relativistic corrections
and also the production of DM, where both Eqs. (29)
and (30) get correction terms. In this work, for late ki-
netic decoupling, it is evident that both corrections can
be neglected. Due to different conventions, the momen-
tum transfer rate γ is here defined to be a factor of 2
smaller than in Ref. [83].
In this work we include for the first time the evolution
of the dark radiation governed by Eq. (31) and the im-
pact of reannihilation on the Hubble expansion rate as in
Eq. (35). Note that both the direct production of l and
the instantaneous decay of the produced vector media-
tors φ into fermions l are included in the equations via
the total averaged cross section 〈σvrel〉y. The first term
on the right hand side of Eq. (31) captures redshifting of
the injected dark radiation, while the second term cov-
ers that all DM annihilations instantaneously transform
non-relativistic DM particles into dark radiation.
In the rest of this work we will for simplicity assume
that the two couplings gχ and gl of the vector mediator
model, as given in Eq. (1), are equal. Order one devia-
tions from this assumption do not influence our analysis,
since most of the quantities, like kinetic decoupling tem-
perature, have a minor dependence on gl. Furthermore,
in some part of the parameter space bound state for-
mation processes might be relevant [31, 84–87], but it is
beyond the scope of this work to investigate it further.
In order to be able to evaluate the phase-space aver-
aged cross sections, 〈σvrel〉 and 〈σvrel〉2 defined as
〈σvrel〉 ≡ g
2
n2χ
∫
d3p d3p˜
(2pi)6
(σvrel)fχ(p)fχ(p˜) , (41)
〈σvrel〉2 ≡ g
2
Tn2χ
∫
d3p d3p˜
(2pi)6
p2
3mχ
(σvrel)fχ(p)fχ(p˜) ,(42)
one has to make an assumption on the form of the DM
phase-space distribution. In the limit of a larger self-
scattering rate than the annihilation rate the following
form is motivated:
fχ =
nχ(T )
nχ,eq(Tχ)
exp
(
−mχ + p
2/(2mχ)
Tχ
) ∣∣∣∣
Tχ=ys2/3/mχ
,
(43)
where the Tχ evolution is governed via Eq. (30). This
ansatz leads to the final form of 〈σvrel〉y given in Eq. (22)
and for simplifying the momentum square weighted an-
nihilation cross section 〈σvrel〉y,2 we refer to the re-
sult presented in Ref. [37]. Let us point out that in
the DM temperature evolution equation [Eq. (30)] the
two averaged cross sections appear as the difference
[〈σvrel〉y − 〈σvrel〉y,2]. For Sommerfeld enhanced cross
sections, this difference is always positive since 〈σvrel〉y,2
has more integral support at higher momenta, where the
annihilation cross section is smaller. If Sommerfeld en-
hanced annihilation is still significant we therefore expect
that y should increase (DM self-heating) after kinetic de-
coupling [37]. In Fig. 2, we see that this is indeed the
case. Without reannihilation, y would otherwise remain
almost constant after the kinetic decoupling ended just
above x ∼ 106.
It was argued in Refs. [35, 37] that the self-scattering
rate can potentially drop below the annihilation rate at
the time of reannihilation. In this case it is possible that
the ansatz in Eq. (43) is not justified and the momentum
moment approach might differ from an exact solution of
the full Boltzmann equation. In the following, however,
we confirm for the first time that the momentum mo-
ment approach describes remarkably well our reannihila-
tion process of Sommerfeld enhanced annihilation, even
in the limit of zero self-scattering.
Only in the rest of this section, to compare the momen-
tum moment approach in Eqs. (29)-(30) to a full phase-
space density solution of the Boltzmann equation, we set
for simplicity r = 1, the number of relativistic degrees of
freedom to be constant and neglect the impact of rean-
nihilation on the Hubble expansion rate. We then follow
the approach of Ref. [83], using the dimensionless coor-
dinates
x(t, p) ≡ mχ
Tγ
, (44)
q(t, p) ≡ p
Tγ
, (45)
to rewrite Eq. (38) for the DM phase-space distribution
fχ(x, q) as
∂xfχ(x, q) =−
m3χ
Hx4
g
4pi2
∫
dq˜ q˜2
∫
d cos θ (σvrel)fχ(q)fχ(q˜)
+
γ(x)
Hx
[
x∂2q +
(
q +
2x
q
)
∂q + 3
]
fχ , (46)
where θ is the angle between the annihilating DM
particles’ co-moving momenta q and q˜. The Fokker-
Planck scattering term has an attractor solution, the
non-relativistic Maxwell distribution. This matches the
ansatz in Eq. (43) for Tχ = Tγ .
By adapting the code developed in Ref. [83] (to be-
come public [88]), we solve Eq. (46) and compare its so-
lution to that of Eqs. (29)-(30). The result around the
reannihilation period is presented in Fig. 2 for one exam-
ple model. In the left panel, the solid and dashed blue
curves show the DM abundance Y from solving Eq. (46)
and Eqs. (29)-(30), respectively. After a period of rean-
nihilation starting at x ∼ 108, where the effective cross
section scales as 1/v2, the reannihilation stops around
x ∼ 1010 when the Sommerfeld enhancement is satu-
rated and (σvrel) is effectively constant. In this exam-
ple, the DM abundance depletes further by 50 % dur-
ing the reannihilation process and converges to the ob-
served CDM relic density. The difference in Y between
the two approaches is less than 1 % and the blue curves
are virtually overlapping. So, while it is true that the ve-
locity dependent annihilation cross section acts to heat
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FIG. 2. Time evolution of the DM abundance Y ≡ nχ/s, its temperature y ≡ mχs2/3 Tχ and its phase-space density f(q) with
q = p/Tγ . Left panel: The evolution of Y (blue) and y (yellow) in the case of strongly self-interacting DM (dotted lines)
and in the case of no DM self-interactions (solid). Right panel: Unit normalized phase-space distributions fn(q) from our full
numerical solution of the Boltzmann equation (red lines) compared to thermal equilibrium distributions feqn (q) with the same
“temperature” Tχ (blue lines). The phase-space distributions are shown at four different x ' 106 (solid), 108 (dashed), 109
(dot-dashed) and 1010 (dotted). The bottom panel shows the ratio fn(q)/f
eq
n (q). The DM model is mχ = 600 GeV, mφ ' 1 GeV
and αχ chosen such that the relic abundance retains the observed DM abundance after the reannihilation period. Both plot
styles are chosen to resemble those in Ref. [83].
up DM — as shown by the rise of the yellow lines of y
around x ∼ 108–1010 after DM kinetically decoupled at
x ' 2 × 106 — the distortion of fχ(q) from a thermal
shape is not large enough to significantly alter the relic
abundance result. In the right panel of Fig. 2, we show
the resulting shape of fχ(q) (red curves) from the full
Boltzmann equation, assuming zero DM self-scattering.
If we compare those (red curves) to reference thermal
distributions f eqχ (q) (blue curves) that have the same Tχ,
we see that there is a distortion at the 10 % level from a
thermal equilibrium distributions for q . 2500. However,
this has little effect on the relic abundance because dur-
ing most of the reannihilation period the effective cross
section is close to saturation and varies little with q. The
fact that fχ falls below the corresponding thermal distri-
bution f eqχ at larger q does not have any practical impli-
cations — as the number density in the high momentum
tail is negligible. The reason for this fχ/f
eq
χ suppression
is a spurious effect from annihilation at low momenta.
The alteration of fχ at low momenta leads to a best-
fit thermal distribution f eqχ with a higher temperature,
which in turn is a distribution that has a tail of more
large momentum particles. In the following, we will only
investigate small changes in Y and can therefore safely
use our system of coupled Eqs. (29)–(31) and (35), which
assumes a thermal shape of f eqχ .
IV. PARAMETER SCAN
Reannihilation leads to the fact that multiple values
of αχ can give the observed DM abundance for fixed
model parameters mχ and mφ. An initial DM overabun-
dance from the first freeze-out due to lower αχ values
can be compensated by a second period of annihilation.
More precisely this is possible if the three free param-
eters3 combine to be close to the parametric resonance
condition in Eq. (17). To see this explicitly, we show
in Fig. 3 the relic abundance as a function of the DM
coupling αχ for fixed values of mχ and mφ. The dashed
curve shows the relic abundance relative to the correct
value if one ignores reannihilation and computes numeri-
cally the evolution of the number density in the standard
approach [81]. Clearly, the abundance roughly scales as
Ωχh
2 ∝ α−2χ and there is a unique solution leading to
the correct relic abundance at αχ ' 0.021 in this exam-
ple. It is also demonstrated how the final DM abundance
changes by solving Eqs. (29)–(31) numerically for dis-
crete points where the parametric resonance condition is
exactly fulfilled (red points). This indicates the maximal
effect of reannihilation that can be achieved for these mχ
and mφ values. The ability to lower Ωχ by reannihilation
is limited either by the saturation of the Sommerfeld en-
hancement, or by the finite age of the Universe (where
DM halo formation and dark energy domination eventu-
ally also halt the reannihilation period).
The fifth red point from the left is the first resonance
that can give the correct relic density. For this point, and
the other resonances shown further to the right, there has
3 We remind the reader that we fix αχ = αl and rBBN = 0.5 with
a temperature dependence of r as in Eq. (4).
10
●●●●
●●●
●●
● on resonance
off resonance
0.012 0.014 0.016 0.018 0.020
0
1
2
3
4
αχ
(Ωh2 )
/(Ωh2
) Planck
FIG. 3. Relic abundance ratio shown vs. the coupling αχ for
fixed mχ = 1 TeV and mφ = 10 MeV. Dashed black curve
is the result for only taking the standard thermal freeze-out
into account (labelled as off resonance). The red dots present
points where the parametric resonance condition is exactly
fulfilled and reannihilation thus lowers the relic abundance
maximally. Moving left or right from an exact resonance point
by changing αχ slightly can lead to (Ωχh
2)/(Ωch
2)Planck = 1
but only for the red points that cross the horizontal black line.
The relic abundance is therefore degenerate in these (almost)
on resonance αχ values.
to be an αχ in the vicinity of the exact resonance point
that reproduces the measured relic density. In fact there
are two αχ possibilities for each of these resonances since
Ωχh
2 is a smooth function of αχ that coincides with the
off-resonant result between the resonances. Larger values
of αχ than those shown in the figure do not lead to the
correct abundance. To conclude, for given mχ and mφ
there is a finite number of resonant points that can lead
to the correct relic density. In the example of Fig. 3, in
particular, there are five resonances that go below the
correct value of the DM abundance and therefore 2×5 +
1 = 11 viable options for αχ.
Having explained above the prescription of counting
resonances that result in the correct relic density, we pro-
ceed to analyze on-resonance models in a wide parameter
range by solving Eqs. (29)–(31) numerically. We apply
the counting prescription to every point on a discrete grid
of the order of 0.1 megapixels in the (mχ,mφ)-plane and
the result is shown in Fig. 4. In our counting algorithm
we further require that a resonance should have a siz-
able impact, i.e., we request the DM relic abundance to
change by at least 1 % in order to be counted. It can
be recognized that multiple options of αχ values exist
in a huge parameter space region and in the “hot spot”
around mχ ' 2 TeV and mφ ' 100 MeV we can have up
to 2× 8 + 1 = 17 viable αχ values.
The region of multiple αχ values is bordered from
below by the grey shaded region, where no resonances
leading to the correct relic density exist because minφ ≡
mφ
αmaxχ mχ
> 612pi2 , where α
max
χ represents the maximum
(nearly-on-resonant or off-resonant) coupling value lead-
ing to the correct relic abundance. From above and to the
left, the region is bounded by the requirement of enabel-
ing at least a 1 % change in the DM relic abundance due
to reannihilation; as implemented in the counting algo-
rithm. In Appendix C 2, we provide analytical estimates
to explain this “max 1 %” boundary where reannihilation
can not longer significantly change the DM abundance.
The analytical estimates are presented in Fig. 4 in terms
of the red curves representing the boundaries where rean-
nihilation can maximally change the abundance by 1 %
and 10 %, respectively. For points close to the bottom
left part of the red lines, reannihilation starts too late
in order to change the relic abundance by more than 1 %
and 10 % until today, respectively. For points close to the
red lines where they start to bend for the first time in the
left of the plot (mφ ' 1 MeV, mχ ' TeV), saturation of
the Sommerfeld enhancement before today prevents the
abundance to change. In the region where the red curves
bend a second time (mφ ' 10 MeV, mχ ' 10 TeV), sat-
uration happens around matter-radiation equality, while
in the upper right region saturation takes place in the
radiation dominated epoch for counted resonances. One
can clearly see that our estimates match very well the
numerical results (1 % line). Let us remark that these
analytical estimates can be applied also to other cases,
e.g., where αχ 6= αl or rBBN 6= 0.5 and one does not have
to necessarily run a numerical differential equation solver
to find these boarders.
In the brown shaded region reannihilation stops be-
fore matter-radiation equality for every resonance. This
statement is true even for αχ values that do not give
the correct relic density. The dashed brown line is the
border at which the minimum saturation temperature
equals the matter-radiation equality temperature, i.e.,
T sat, minγ = 0.80 eV [see Eq. (27)]. In Section V we will
see that the observational consequences of reannihilation
are expected to be negligible for models deep inside this
brown region.
SIDM region
It can be recognized in Fig. 4 that the SIDM region
(σT )30 km/s/mχ ∈ [0.1, 10] cm2g−1 significantly overlaps
in the classical and quantum-resonant regime with the
region potentially having a sizable reannihilation process.
We also show the reannihilation redshift zrea in terms of
the green lines. In the most interesting SIDM region,
where also a sizable cutoff mass around 108M can be
achieved, we conclude from the green lines that reannihi-
lation typically happens in the matter dominated epoch.
The computation of the self-scattering cross section
(σT )30 km/s needs some further consideration in the pa-
rameter region where reannihilation happens. The mul-
tiple αχ values leading to the correct relic abundance
would also lead to multiple values of (σT )30 km/s for fixed
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FIG. 4. Number of Sommerfeld resonances, color-coded as given in the top panel, leading to the correct relic density today
and changing the co-moving DM number density by at least 1 % during the epoch of reannihilation. The red solid lines show
our analytic estimates (see Appendix C 2) of the border where reannihilation can change the relic abundance at most by 1 %
and 10 %. In the shaded grey area in the bottom right part of the figure, no resonances are available leading to the correct
relic density. Brown shaded area represents the estimated region where reannihilation cannot proceed after matter-radiation
equality. Blue and light blue shaded areas cover the parameter space where DM has a sizable self-scattering cross section on dwarf
galactic scales: (σT )30 km/s/mχ ∈ [0.1, 10] cm2g−1. The “proper” SIDM region, both in the quantum-resonant and classical
self-scattering regime, overlaps with the parameter space where sizable reannihilation can occur. In the quantum-resonant
regime, αχ is adjusted in the computation of σT such that for given mχ and mφ the resonance condition, φ = 6/(n
2pi2), is
fulfilled for a given integer n (see last subsection of Section IV for a detailed explanation). For comparison, the black dashed
self-scattering band is for αχ satisfying the relic density constraint without taking reannihilation or resonances into account.
Cutoff masses of the order of 107, 108, and 109 M in the halo-mass function are represented by the purple lines. In the stripe
between the green lines, reannihilation induces the first decrease of the DM co-moving number density by 1 % between redshifts
of z = 300 and z = 1000 — while the maximal change in the DM abundance can be read off from the red lines. In the parameter
space where the blue region, the green lines and the purple lines all overlap, SIDM could at the same time alleviate several
small-scale structure formation problems and tensions between cosmological parameters derived from CMB and low-redshift
astronomical observations (see Section V B and Fig. 7).
mφ and mχ. For the blue self-scattering band in Fig. 4
we take the nearly-on-resonant αχ value that is closest
to the off-resonant αχ leading to the correct relic den-
sity. This is a conservative choice since resonances with
lower n would give more sizable reannihilation and thus
more often be constrained by, e.g., CMB observations.
In the classical scattering region, this choice has how-
ever virtually no impact on the self-scattering band since
the resonances are very close to each other and therefore
(σT )30 km/s does not change significantly when choosing
an off-resonant or closest on-resonant value of αχ. How-
ever, in the quantum-resonant regime it makes a signif-
icant difference from using an off-resonant value when
computing (σT )30 km/s as in, e.g., Refs. [30, 33, 53, 54],
which results in the dashed black curves (where αχ is
uniquely set by the standard relic density constraint, tak-
ing no reannihilation into account). In the Born regime
(φ  1) we chose αχ as in the traditional computation
since no resonances are available and therefore the cou-
pling is unique.
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Let us comment on the choices of fixed zrea contours
given by the green lines in Fig. 4. Our calculations
show that a reannihilation process at zrea ' 300 with
5 % change in the DM abundance starts to saturate be-
tween a redshift of z ∼ 30 − 50, when most of DM is
already confined in virialized halos. Our homogeneous
and isotropic treatment of the Boltzmann equation is ex-
pected to break down in this non-linear regime due to
the increase of DM particle velocities in gravitationally
bounded structures. Therefore we regard zrea ' 300 as
a lower critical value above which ∼ 5 % change in the
abundance can be achieved. The reannihilation process
starting at zrea ' 1000 with ∼ 10 % change in the abun-
dance saturates much earlier than the time when most
of the structures become non-linear and should there-
fore be safe from this caveat. For redshifts just above
zrea ' 1000 many CMB quantities might be effected
strongly since reannihilation happens around recombi-
nation. A simple approximation of the green lines can
be obtained by solving Eq. (25) for fixed zrea. However,
this equation is strictly speaking only valid in the regime
where zrea  zeq and therefore a not good approximation
in the case of zrea ' 1000. The green lines in Fig. 4 are
the solution of an improved equation discussed in detail
in Appendix C 3.
V. COSMOLOGICAL IMPACT
The change in the DM number density and the red-
shifting of injected dark radiation during reannihilation
modifies the expansion rate of the Universe when com-
pared to the ΛCDM cosmology. Since this process is
time dependent, the naive constraints on extra relativis-
tic degrees of freedom ∆Neff cannot be applied in gen-
eral. Instead, we suggest that the following basic quan-
tities derived from time integration of the modified Hub-
ble expansion rate should not be strongly affected; other-
wise reannihilation would hardly reproduce the measured
CMB anisotropies or the baryon acoustic oscillation ob-
served in galaxy clustering.
The angular size of the sound horizon θ∗ at z = z∗,
where z∗ is defined as the redshift where the optical depth
τ equals unity [89], is a geometrical quantity directly re-
lated to the peak positions in the CMB power spectrum
and thus precisely measured. We will work with the value
reported by the Planck 2015 (TT+lowP) analysis [1]:
100θ∗ = 1.04105± 0.00046 , (47)
along with
z∗ = 1090.09± 0.42 . (48)
From Ref. [89] we have
100θ∗ = 100× rs(z∗)/DA(z∗) . (49)
The sound horizon rs and angular diameter distance DA
are given by
rs(z) =
∫ 1/(1+z)
0
da
a2H
√
3(1 +R)
, (50)
DA(z) =
∫ 1
1/(1+z)
da
a2H
, (51)
where
R =
3ρb
4ργ
=
3aΩbh
2
4 Ωγh2
, (52)
and a is the cosmological scale factor. rs(z∗) captures
the information of the Hubble expansion rate before re-
combination while DA(z∗) is sensitive to that between
recombination and today. The definition and further ex-
planation of the introduced quantities can be found in
Ref. [89]. The standard Hubble expansion rate is given
by
H2 =
8piG
3
[ργ + ρν + ρc + ρb + ρΛ] . (53)
In Appendix D, we provide the details of the cosmological
parameters we use to render the above quantities compat-
ible with the Planck 2015 (TT+lowP) measurements [1].
This set of parameters defines our standard Hubble ex-
pansion rate of the ΛCDM cosmology. When including
reannihilation we will replace the standard CDM energy
density ρc with the quantity given in Eq. (36). Note that
there might exist a compensation between the reannihila-
tion effect and, e.g., the choice of the SM neutrino masses
mν entering the parametrization of energy density ρν in
Eq. (53). However, we do not consider this possibility
here and fix mν as in the Planck 2015 (TT+lowP) anal-
ysis [1]. Next we show how the basic quantities given
above are sensitive to reannihilation.
A. Reannihilation before recombination
We here consider reannihilations starting in the radia-
tion dominated epoch and explore the impact on 100θ∗.
In particular, we investigate the case where the DM abun-
dance is initially overabundant by a few percent and re-
annihilation leads to the correct observed value. The
evolution of the DM number density and the modified
Hubble expansion rate are shown in Fig. 5 for such a
few scenarios. It can be seen that the modified Hub-
ble expansion rate starts to increase relative to standard
ΛCDM around the transition from radiation to matter
dominated epoch, which is due to the initial overabun-
dance of DM. It can be recognized that although reanni-
hilation has already saturated around recombination z∗,
the Hubble expansion rate is still modified afterwards.
This can be explained by the gradual redshifting of the
injected dark radiation, which delays the return to the
standard Hubble expansion rate.
We consider now the impact of the modified expansion
rate on 100θ∗ by investigating the integrations over H as
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FIG. 5. Evolution of the DM number density Y = nχ/s (blue
line) and the corresponding expansion rate H (yellow line)
shown as a function of the redshift. The onset (1 % change in
Y ) of reannihilation for the dashed and solid curves is around
z ' 3 × 104 and the DM abundance is initially enhanced by
3 and 5 %, respectively. The final relic abundances coincide
with (Ωch
2)Planck = 0.1197 and the ratio H/HPlanck therefore
reaches 1 at low redshifts. Both scenarios would be in strong
tension with the observed value of 100θ∗, see Fig. 6.
they appear in Eq. (49). The naive number of standard
deviations away from the reported 100θ∗ value in Eq. (47)
are calculated and the results as a function of zrea for a
fixed amount of DM depletion are shown in Fig. 6. It can
be seen that both scenarios presented in Fig. 5, where the
DM abundance was initially enhanced by only a few per-
cent, are in strong tension with the value of 100θ∗ con-
strained by the Planck data. Furthermore, it can be rec-
ognized that the angular size of the sound horizon is sen-
sitive even to percentage changes in the DM abundance in
the radiation dominated epoch. However, the deeper in
the radiation dominated epoch the reannihilation process
takes place the less impact it has on the sound horizon
and the more DM would be allowed to annihilate into
dark radiation. This can be simply understood by the
fact that changes in the DM abundance in the radiation
dominated epoch have no significant impact on the ex-
pansion rate as long as the correct abundance is achieved
sufficiently before matter-radiation equality. The process
of reannihilation necessarily takes place in the radiation
dominated epoch for parameters in the brown shaded re-
gion of Fig. 4. Note that points on the left side of the
brown line can still have saturation either before or after
matter-radiation equality.
To produce Figs. 5 and 6, we used mχ = 1 TeV and
varied mφ around O(10) MeV and adjusted αχ to have
desired DM relic abundance — but the same result would
also be found with other DM model parameters that have
the same zrea and amount of DM depletion during the
reannihilation process. From our background consider-
ations, we therefore expect that a full Boltzmann code
analysis of the CMB would lead to tight constraints on
the change in the DM abundance in most of the parame-
ter space in Fig. 4 and hence lower the viable number of
αχ values.
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FIG. 6. Number or standard deviation from the (100θ∗)Planck
measurement vs. the redshift of reannihilation onset zrea (i.e.
when the co-moving DM abundance first change by more than
1 %). The two curves refer to 3 and 5 % total change in the
relic abundance where the final value reaches (Ωch
2)Planck =
0.1197.
B. Reannihilation after recombination
We now turn to explore the impact on cosmology from
reannihilation at late times. The region of interest is
now where reannihilation happens after recombination,
zrea . z∗, and especially the area between the green lines
in Fig. 4. It is interesting to note that this area has
overlap with both the relevant SIDM region of sizable
self-scattering and where the DM halo abundance is sup-
pressed below the mass around 108M.
The main difference compared to the previous section
is that we will here impose compatibleness with the basic
CMB quantities [Eqs. (49)–(51)] constrained by Planck,
while at the same time demonstrate that allowed modi-
fications of the Hubble expansion can alleviate tensions
between different cosmological measurements within the
ΛCDM model. Several works have pointed out the so-
called H0 tension; a discrepancy within the ΛCDM model
between the measured value of the Hubble constant us-
ing CMB data [1], H0 = 67.31±0.96 km s−1 Mpc−1 (68 %
C.L.), and local measurements using only low redshift
data, H0 = 73.24 ± 1.74 km s−1 Mpc−1 (68 % C.L.) [38].
Another tension concerns large-scale structure data and
the value of the matter fluctuation amplitude on scales
of 8h−1 Mpc, σ8. This issue is related to the H0 tension,
as the Hubble parameter correlates with the matter den-
sity Ωm and σ8. Constraints in the σ8-Ωm plane have
been widely discussed in the literature [39–45], since cur-
rent CMB data provide significantly different constraints
than the thermal Sunyaev-Zel’dovich cluster counts [90]
and galaxy weak lensing results [91, 92], which both pre-
fer lower values of σ8.
Our approach will be to require the initial DM abun-
dance to coincide, until recombination, with the reported
central value of Planck. This leaves the sound horizon at
recombination unaltered, rs(z∗) = rPlancks (z∗), since it is
a distance derived from integrating H(a) from a = 0 to
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the redshift of recombination. Depending on zrea, reanni-
hilation can then lower the DM abundance after recom-
bination and injects energy in the form of dark radiation
until the process saturates. The loss of DM particles and
the redshifting of the dark radiation lowers the Hubble
expansion rate H at later times when compared to the
ΛCDM setup, which thus modifies DA. On one hand we
require that the tightly constrained quantity 100θ∗ is not
affected, but on the other hand allow some amount of re-
annihilation to happen. This can be achieved by increas-
ing the dark energy content ρΛ in Eq. (35), such that the
period of lower H in the matter dominated epoch is com-
pensated by a period of enhanced H in the dark energy
dominated epoch. In practice, we iteratively change ρΛ
to find the desirable H evolution such that 100θ∗ does not
change when reannihilation lowers the DM abundance.
The modified expansion rate and the angular diame-
ter distance, computed as explained above, are shown in
Fig. 7 together with low-redshift astronomical data: Hub-
ble Space Telescope (HST) at z = 0 [38], SDSS/BOSS at
z = 0.35 [93, 94], z = 0.57 [95, 96], and z = 2.34 [97]. We
demonstrate the modification for 5 % and 10 % changes
in the DM abundance for zrea = 300 and 700. To be
in the special SIDM region we have used the parameters
mχ = 700 GeV, mφ ∈ [1.6, 2.0] MeV and αχ tuned to
get the 5 % and 10 % changes in the DM abundance, but
the same result would be found for every DM model that
have the same zrea and change in the DM abundance (see
Fig. 4 for further possible options). In Fig. 7, one can see
that low-redshift data prefers a 6–11 % larger value of H0
than that inferred by the ΛCDM interpretation of CMB
data. Interestingly, it can be seen that this tension is
mitigated by the reannihilation process when changing
the DM abundance by 5–10% after recombination. The
H/HPlanck ratio increases at low redshifts below z . 1
because ΩΛ needs to be larger to keep the highly con-
strained quantity 100θ∗ unchanged. The reannihilation
scenario is also in better agreement with several measure-
ments of the angular diameter distance at low redshifts,
while the point reported by Ref. [96] still favors a pure
ΛCDM cosmology.
The reduction of Ωm at low redshifts due to reannihi-
lation leads to a suppressed growth of the matter den-
sity perturbations, which might solve the discrepancy in
the σ8-Ωm plane in ΛCDM [1, 98]. The conversion of
DM mass density into radiation energy lowers the growth
factor since radiation can escape from the gravitational
potential and does not contribute to the gravitational
growth. As a consequence, the resultant matter power
spectra would be suppressed compared to the ΛCDM cos-
mology and thus reannihilation can potentially solves the
σ8-Ωm tension.
The solution of the σ8-Ωm tension was discussed for a
similar scenario where a part of DM decays into dark ra-
diation after recombination [42]. In Fig. 7 we also show
our results from a decaying DM scenario, while it was
similarly investigated in Ref. [41]. In this setup, the dark
sector consists of a DM component of stable χ particles
and mother particles (M) that can decay into effectively
massless daughter particles (D). The energy density evo-
lution of the latter two components can be obtained by
solving
ρ˙M + 3HρM = −Γ ρM , (54)
ρ˙D + 4HρD = Γ ρM , (55)
numerically, with initial condition ρM (ti) = fdecρχ and
ρD(ti) = 0. The total dark matter sector’s energy density
then evolve as
ρdecaydark = ρM + ρD + (1− fdec)ρχ . (56)
For comparison, we fix the fraction fdec of decaying DM
(mother particles) with respect to the stable component
χ to 5 % and 10 %, i.e., fdec = 0.05 and fdec = 0.1.
We then match the decay rate Γ such that H0 coincides
with the reannihilation result, while again adjusting the
dark energy density to leave the CMB observable 100θ∗
unchanged. In Fig. 7 you clearly see that at low redshifts,
z . 2.5, the reannihilation and decaying DM models can
mimic each other. They are not distinguishable from
these existing astronomical data.
However, let us in the following explain why we be-
lieve that these two scenarios impact differently on the
evolution of linear perturbations and thus are potentially
distinguishable in a CMB power spectrum analysis. In
particular, it was shown in a detailed analysis of Ref. [45]
that the CMB observation is still sensitive to decaying
DM even long after recombination through the late inte-
grated Sachs-Wolfe effect as it happens in the parameter
range as shown in Fig. 7. The conclusion was that the
impact on the CMB power spectrum for the decaying
DM scenarios shown in our figures are too strong and es-
sentially ruled out. However, reannihilation has several
different features and the results presented in Ref. [45]
for decaying DM cannot be trivially mapped one-to-one
to annihilating DM. First of all, it is clear that the energy
density of the unstable mother particles ρM decays expo-
nentially fast in time. In the reannihilation case the DM
density changes slower and its duration is longer com-
pared to decaying DM. Therefore, the evolution of the
injected dark radiation (or daughter particles) and the
modification of the Hubble expansion rate are different.
Second, the right hand side of the Boltzmann equation
is proportional to DM density squared for reannihilation,
while for decaying DM it is instead linear in the density.
This might lead to further differences in the evolution
of cosmological perturbations. Third, the annihilation
process is velocity dependent and one does not expect
reannihilation to happen at wavelength modes that have
already formed sizable structure. Finally, for large cut-
off masses of the order 108M it has been found that
the reionization history is different compared to ΛCDM
predictions [99, 100]. We leave a development of a Boltz-
mann code and a more detailed investigation of these
issues to future work.
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FIG. 7. Hubble expansion rate (left) and angular diameter distance (right) ratio vs. redshift for reannihilating (green) and
decaying DM (red). In both DM scenarios the abundance is changed by 10 % (top) and 5 % (bottom) after recombination and
the results are almost identical in this redshift interval. Data points are from HST, SDSS and BOSS data [38, 93–97] and are
shown relative to the CMB derived value from Planck data [1] in the ΛCDM setup.
VI. SUMMARY AND CONCLUSION
In this work we have explored the observational im-
prints of a second period of DM annihilation into dark
radiation. We have shown that such an epoch of rean-
nihilation can arise in DM models where the annihila-
tion cross section is s-wave dominated and resonantly
Sommerfeld enhanced. As a concrete realization we have
considered a simple model where sizable self-interactions
are induced by a light vector mediator, interacting with a
dark matter particle and a massless background particle
in a fully closed dark sector. We have extensively an-
alyzed the reannihilation phenomenology of this model
and found that this process can change the initial DM
number density set by the standard thermal freeze-out,
by up to a factor of several in a wide range of the model
parameter space. Furthermore, the onset of reannihila-
tion can range from being deep in the radiation domi-
nated epoch to the beginning of halo formation.
In the most interesting parameter region of our consid-
ered particle physics model — where several small-scale
structure formation issues can be addressed — we have
shown that the reannihilation process starts during the
matter dominated epoch. Existing CMB data, which is
sensitive to even only a few percentage changes in the
DM abundance during this epoch, might confirm the exis-
tence of such scenarios. We have interestingly found that
in the same parameter region the reannihilation process
might reduce the tension between CMB and low-redshift
astronomical observations of H0 and σ8 — although our
discussion is limited at the background level. We have
also demonstrated that reannihilation can be used as a
clear signature to break the otherwise close degeneracy
between scalar and vector mediator realizations of self-
interacting dark matter models.
The effects on cosmological perturbations, especially
on the CMB power spectrum, might be non-trivial even
in the cases where reannihilation happens much later
than recombination or deep in the radiation dominated
epoch. A dedicated Boltzmann code deserves to be devel-
oped to identify the detailed signatures of reannihilation
and to clarify how well tensions between CMB and low-
redshift astronomical observations can be alleviated.
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Appendix A: Theoretical uncertainties in the computation of self-scattering cross sections
In Fig. 8 we show a comparison between σT /mχ in a classical approximation and in the quantum treatment discussed
in detail in the Appendix of Ref. [33]. From this figure we conclude that there are quantum corrections in both the
vector and scalar mediator setups, but for our work they are small enough to be neglected. We note that we see a
tendency of an increase of the corrections for higher velocities. This might imply larger corrections on Galactic cluster
scales, with v0 ∼ 1000 km/s. To perform a precise calculation on such velocity scales it would require the summation
of many more scattering phases δ` which is beyond the scope of this paper.
Appendix B: Self-consistent description of the Sommerfeld enhancement
It was pointed out in Ref. [80] that close to a resonance it is required to calculate the Sommerfeld enhancement
self-consistently in order not to violate the partial wave unitarity limit. This means that in the derivation of the
DM non-relativistic effective theory both the long and short range contributions have to be taken into account in the
effective potential of the two-body Schro¨dinger equation. In our scenario the long range part is the Yukawa potential,
while the short range contribution consists of the hard annihilation and scattering processes. The regulated formula
for the total s-wave Sommerfeld enhanced annihilation cross section derived from a self-consistent solution of the
Schro¨dinger equation is given for attractive forces by [80]
(σvrel)ann ' (σvrel)ann,0 × S(vrel)∣∣∣∣∣1 + vrel
(
−
√
µ2σsc,0
4pi −
(
µ2(σvrel)ann,0
4pi
)2
− iµ2(σvrel)ann,04pi
)
(T (vrel) + iS(vrel))
∣∣∣∣∣
2 . (B1)
In our work we approximate the Yukawa potential as the Hulthe´n potential for which S(vrel) is given in Eq. (14) and
T takes the form [80]
T (vrel) ' − 1
2v
(H(α+) +H(α−) +H(−α+) +H(−α−)− {p→ p0}) , (B2)
α± = i
v
φpi2/6
±
√
1
φpi2/6
−
(
v
φpi2/6
)2
. (B3)
Here, H(z) is the analytic continuation of the z-th Harmonic Number. For the tree-level annihilation cross section
(σvrel)ann,0 in Eq. (B1) we take the sum over all tree-level channels,
(σvrel)ann,0 =
∑
i
(σvrel)0,i , (B4)
as given in Eqs. (12) and (13). For the hard self-scattering cross section σsc,0 in Eq. (B1) we take
σsc,0 =
3α2χpi
4m2χ
, (B5)
which can be obtained from the s-channel diagram of non-relativistic particle-antiparticle scattering. In our com-
putation of T (vrel) we drop the matching term {p → p0}, since it is only relevant close to the high energy scale
p0 [80].
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FIG. 8. Self-scattering transfer cross sections vs. mediator mass mφ from numerical solutions of the Schro¨dinger equation [33,
53, 54] (red and blue lines) compared to the ETHOS [24] fitting functions (black dashed lines). The particle model is fixed to
mχ = 1 TeV and αχ = 0.033. Left: is for a relative DM velocity v0 = 10 km/s. Right: v0 = 105 km/s. Top: scattering with an
attractive Yukawa potential between particle-antiparticle (p-ap) (applies to vector and scalar mediators). Middle: attractive
particle-particle scattering (scalar mediators). Bottom: repulsive particle-particle scattering (vector mediators). The numerical
solutions includes the computation and summation of phase-shifts δ` up to ` = 150 (left) and ` = 225 (right). Red curve
corresponds to the computation of σT when including quantum statistics and averaging dσ/dΩ over 1− | cos θ|, as suggested in
Ref. [33]. Points to the left of the gray line are in the regime mχv0 & mφ where the blue and dashed black curve are expected
to coincide. Deviation from the red line indicates the theoretical bias of taking a classical approximation and averaging the
scattering amplitude over 1− cos θ [see Eq. (6)] instead of 1− | cos θ|.
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FIG. 9. Left: Comparison between various approximations of the s-wave Sommerfeld factor (σvrel)ann/(σvrel)ann,0 for a model
with αχ = αl = 0.1. The regulated Hulthe´n potential solution (red line) with σsc,0 = (µ/4pi)(σvrel)
2
ann,0 is compared to the
unregulated solution (blue line) on the parametric resonance point n = 5. The black curve shows our instantaneous transitions
estimate to the red solid line, which respect the s-wave unitarity bound shown by the green line. For the remaining cases the
exact resonance point is slightly shifted from φ = 6/(npi)
2 and n needs to be tuned to find maximal Sommerfeld enhancement:
the regulated Hulthe´n potential solution with σsc,0 = 3α
2
χpi/(4m
2
χ) for n = 5 (dashed red) and n = 5.004 (dotted red); the
numerical solution of the Schro¨dinger equation with a Yukawa potential [103] for n = 5 (blue dots) and n = 4.9028 (orange
dots). Right: Sommerfeld enhancement as a function of φ. Same color coding as in the left panel, but only the first three
entries and the unitarity bound are plotted. The inset panel is a zoom-in around the fifth resonance, covering a 1 % range in
φ and 4 orders of magnitude range in (σvrel)ann, showing the choice of σsc,0 only shifts the resonance slightly while leaving the
maximal enhancement unaffected.
The regulated Hulthe´n potential solution as described above comes with a subtlety discussed in the following.
The short range quantities (σvrel)ann,0 and σsc,0 affect the parametric resonance condition slightly when compared
to the unregulated solution S(v). To avoid to repeatedly have to find the precise numerical resonance condition of a
regulated solution when studying each single resonance in, e.g., the parameter scan of Fig. 4, we decided throughout
this work to approximate σsc,0 =
µ
4pi (σvrel)
2
ann,0 such that the square root in the denominator of Eq. (B1) vanishes.
In the right panel of Fig. 9 it is demonstrated that this choice of σsc,0 only shifts the parametric resonance condition
back to the known expression φ = 6/(n
2pi2), however, the hight of the enhancement peak is practically unaffected.
By numerical evidence, we have further checked that (σvrel)ann is modified by at most about 10 % for all velocities in
all the parameter regions we study. Furthermore, we looked at the numerical solution with the Yukawa potential and
demonstrate in Fig. 9 that also in this case only the resonance condition slightly deviates from φ = 6/(n
2pi2). It can
be seen in all cases of the regulated Hulthe´n potential solution that the maximal enhancement respects the unitarity
bound of s-wave annihilation cross sections, given by (see, e.g., Ref. [80])
σmax =
pi
µ2v2rel
, (B6)
where the reduced mass is here given by µ = mχ/2. Naively, the value of the Sommerfeld factor where it saturates
can now be obtained from σmax = (σvrel)ann,0S(vrel)/vrel, namely,
Ssat(vrel) =
pi
µ2vrel(σvrel)ann,0
. (B7)
This expression will be used in Appendix C to estimate the saturation velocity of the Sommerfeld factor.
Appendix C: Derivation of analytic estimates
In Section C 1 we find approximate expressions of the Sommerfeld enhancement that we then use to estimate
〈σvrel〉x′ . The latter quantity is used in Section C 2 to find analytical expressions for Γ, which finally allows us to
estimate the change in DM abundance due to reannihilation. Based on these results we estimate the onset time of
reannihilation in Section C 3.
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1. Sommerfeld enhanced annihilation on a resonance
In the following, we first estimate S(v) and then 〈σvrel〉x′ in the case where the parameter φ fulfills the resonance
condition. It can be recognized from the left panel of Fig. 9 that the Sommerfeld factor has regions where S(v) ∝ 1,
1/v, and 1/v2 and a region where it starts to saturate and finally reaches a maximal value at low velocities. We
approximate the transitions between these different regions as instantaneous transitions at the following transition
velocities:
v1/v = 2piαχ , (C1)
v1/v2 =
mφ
mχ
, (C2)
vsat =
pi
2
mφ
mχ
α2χ(αχ + αl) , (C3)
vmax =
pi
32
mφ
mχ
α2χ(αχ + αl) . (C4)
We summarize this instantaneous description of S in Table II and demonstrate in Fig. 9 that this approximation
(black line) matches well the numerical (red solid line) solution within each definite scaling regime. We have tested
several on-resonant values of φ and found in all the cases a similarly good result. The value of vsat can be obtained
by equating the values of S from the regime of 1/v2 scaling in Table II with Eq. (B7). For lower velocities than vsat
we consider that S follows the scaling of the partial-wave unitarity bound, i.e., 1/v scaling. vmax is the velocity where
S reaches the maximal value:
Smax =
mχ
2piαχmφ
(
4pi
µ2(σvrel)0
)2
, (C5)
which can directly be obtained from Eq. (B1) with σsc,0 =
µ
4pi (σvrel)
2
ann,0, ignoring contributions from T and taking
the limit of v → 0.
v ∈ S(v) x′ ∈ 〈σvrel〉/(σvrel)0
[∞ , v1/v] 1 [0 , x′1/v] 1
[v1/v , v1/v2 ]
(v1/v
v
)
[x′1/v , x
′
1/v2 ]
(
x′
x′1/v
)1/2
[v1/v2 , vsat]
(
v1/v
v1/v2
)(v1/v2
v
)2
[x′1/v2 , x
′
sat]
(
x′1/v2
x′1/v
)1/2(
x′
x′
1/v2
)
[vsat , vmax]
(
v1/v
v1/v2
)(
v1/v2
vsat
)2 (vsat
v
)
[x′sat , x
′
max]
(
x′1/v2
x′1/v
)1/2(
x′sat
x′
1/v2
)(
x′
x′sat
)1/2
[vmax , 0] S
max [x′max , ∞] Smax
TABLE II. Instantaneous approximation of the Sommerfeld factor and 〈σvrel〉 for an on-resonance s-wave annihilation.
A similar instantaneous transition description will next be used to estimate the temperature evolution of the
thermally averaged cross section 〈σvrel〉x′ defined in Eq. (22). In the following we will drop the index x′ to shorten
the notation. 〈σvrel〉 has a definite power-law dependence on x′ = mχ/Tχ at temperatures where one particular
scaling of S(v) dominates. In analogy to the transition velocities, vi, in Table II, we define instantaneous transition
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temperatures as
x′1/v =
c1/v
v21/v
, (C6)
x′1/v2 =
c1/v2
v21/v2
, (C7)
x′sat =
csat
v2sat
, (C8)
x′max =
cmax
v2max
. (C9)
and adjust the coefficients ci such that the approximation coincides with the numerically obtained values of 〈σvrel〉
within each definite scaling regime. For x′ larger than x′max we require that 〈σvrel〉/(σvrel)0 = Smax, which automati-
cally determines the last matching coefficient:
cmax =
c1/vc1/v2
csat
. (C10)
In Table II we summarize the instantaneous approximation of 〈σvrel〉. In particular, we find that the instantaneous
approximation with c1/v = 3, c1/v2 = 3/2, and csat = 1 matches well the numerical result of 〈σvrel〉 within each
definite scaling regime. Next, we use this result to estimate the size of Γ.
2. Estimating the maximal change in the number density
In this appendix, we estimate the change in the relic abundance due to reannihilation. The ratio between the
comoving DM abundances at kinetic decoupling (xkd) and today (x0) can be obtained from the standard solution of
the Boltzmann equation [Eq. (29)], given by
Y (xkd)
Y (x0)
= 1 +
∫ x0
xkd
dx
Γ
x
. (C11)
Here, Γ is defined as in Eq. (19), but with the replacement Y (x) → Y (xkd). Note that the right hand side is thus
independent of the evolution of Y (x). The aim is now to further simplify this formal solution by approximating the
time integral. The dominant contribution is from the x range where Γ is maximal. In the following, we first derive
simple power-law expressions of the maximal value of Γ and second show how to approximate the time integration in
various cases.
The usual order of chemical before kinetic decoupling (xcd . xkd) and that DM kinetically decouples before matter
radiation equality (xkd . x0) to have an adequate structure formation history implies the following time order:
xcd . xkd . xeq . x0, where the subscripts labels the SM photon temperature at chemical decoupling, kinetic
decoupling, matter-radiation equality and today, respectively. There are now several options to align the times x1/v,
x1/v2 , and xsat [set by Eqs. (C6), (C7), and (C8) after converting x
′ into x via Eq. (24)] in between the fixed time
order xcd . xkd . xeq . x0. It turns out that only five different cases (time alignments) are relevant for us and those
are summarized as follows:
Case . xcd . . xkd . . xeq . . x0 .
1.
x1/v x1/v2 xsat
x1/v . x1/v2 xsat
2.
x1/v x1/v2 xsat
x1/v . x1/v2 xsat
3.
x1/v x1/v2 . xsat
x1/v . x1/v2 . xsat
4.
x1/v x1/v2 xsat
x1/v x1/v2 xsat
5.
x1/v x1/v2 . xsat
x1/v x1/v2 xsat
The two options given in each case lead to the same result in the final form of Γ as can be shown explicitly (without
proof here). In the first case, the Sommerfeld enhancement saturates at later times than the age of the Universe:
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x0 . xsat. This implies that Γ reaches its maximal value today. In all other cases shown in the table, the maximal
value is given at the time of saturation of the Sommerfeld enhancement. In the second case, saturation happens
between matter-radiation equality and today while in the third case saturation is before matter-radiation equality. In
the fourth and fifth cases, the Sommerfeld enhancement becomes sizable at the first freeze-out as we have x1/v . xcd.
From here on we are always assuming that we are exactly on a Sommerfeld resonance point. The maximal value of
Γ as a function of the free parameters in these five different cases can be obtain as follows. We define xcd as the time
when Γ = 1. Requiring Y (xkd) to coincide with the value of Y which correspond to get the correct relic density, we
can determine xcd as a function of mχ only. For the mχ range between 10 GeV and 40 TeV we find that xcd varies
approximately between 7 and 22. This variation is a consequence of the fixed temperature ratio r at BBN and the
impact of the Sommerfeld effect on the first freeze-out temperature for DM masses above the TeV scale. At times
later than xcd, the evolution of Γ in all five cases directly follows from the entries of Table I and the results of the
previous section. For example, the estimate of Γ1 is found to be:
Γ1 =
(gs/
√
geff)0
(gs/
√
geff)cd
xcd
x1/v︸ ︷︷ ︸
xcd . x1/v ,
S(v) = 1
(
r1/vx1/v
rkdxkd
)1/2
︸ ︷︷ ︸
x1/v . xkd,
S(v) ∝ 1/v
(
r−11/v2
r−1kd
)
︸ ︷︷ ︸
xkd . x1/v2 ,
S(v) ∝ 1/v
(
r−2eq xeq
r−21/v2x1/v2
)
︸ ︷︷ ︸
x1/v2 . xeq ,
S(v) ∝ 1/v2
(
r−20 x
1/2
0
r−2eq x
1/2
eq
)
︸ ︷︷ ︸
xeq . x0 ,
S(v) ∝ 1/v2
. (C12)
By inserting x1/v and x1/v2 into this expression and applying the same procedure to the second and third cases, we
find the maximum value of Γ is given by
Γ1,2,3 =
(gs/
√
geff)sat
(gs/
√
geff)cd
xcd
r2sat
2pi√
c1/vc1/v2
αχmφ
mχ
×

(
T kd 2l
T eqγ T 0γ
)1/2
for T 0γ & T satγ ,(
T kd 2l
T eqγ T satγ
)1/2
for T eqγ & T satγ & T 0γ ,(
T kdl
T satγ
)
for T satγ & T eqγ .
(C13)
and in the last two cases where xcd & x1/v we find
Γ4,5 =
(gs/
√
geff)sat
(gs/
√
geff)cd
(xcdrcd)
1/2
r2sat
1√
c1/v2
mφ
mχ
×

(
T kd 2l
T eqγ T satγ
)1/2
for T eqγ & T satγ & T 0γ ,(
T kdl
T satγ
)
for T satγ & T eqγ .
(C14)
The kinetic decoupling temperature in the equal charge case (gχ = gl) and two species of l (particle and anti particles)
is given by [27]
T kdl
1 keV
= 0.25×
( rkd
0.36
)−1/2 ( αχ
0.025
)−1/2 ( mχ
1 TeV
)1/4 ( mφ
1 MeV
)
. (C15)
We find the saturation temperature from Eq. (C8):
T satγ =
pi
rsat
√
csat
α3χmφ(x
l
kd)
−1/2 (C16)
= 2.96× 10−3 eV
( rsat
0.36
)−1 ( αχ
0.025
)3 ( mχ
1 TeV
)−1/2 ( mφ
1 MeV
)( T kdl
1 keV
)1/2
. (C17)
We now simplify the time integration of Γ to obtain the change in DM abundance due to reannhiation. A simple
case is the case 1 where x0 . xsat. Γ takes the maximal value of Γ1 today and hence the integration can be simplified
as ∫ x0
xkd
dx
Γ
x
≈
∫ x0
xeq
dx
Γ
x
' 2× Γ1 . (C18)
Inserting this result into Eq. (C11) and solving for mχ for given mφ we find the maximal DM changes that reannihi-
lation can cause. By setting the left hand side of Eq. (C11) to 1.01 and 1.1 (correspond to “max 1%” and “max 10%”
DM changes, respectively) we obtain the most left parts of the red lines in Fig. 4. In practice, this equation is solved
numerically since we use tabulated values for xcd and αχ, where the latter quantity is chosen such that Y (xkd) gives
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the correct relic density. Another simple case is the the case 5 where xsat . xeq. Here, the maximum value of Γ is
given by the saturation temperature in the radiation dominated epoch, leading to the simplification:∫ x0
xkd
dx
Γ
x
≈
∫ xsat
x1/v2
+
∫ xmax
xsat
+
∫ xeq
xmax
dx
Γ
x
≈ Γ4
[
2 + log
(
T satγ /T
max
γ
)]
. (C19)
In the last approximation we assumed that T satγ  T 1/v
2
γ and Tmaxγ  T eqγ . The temperature ratio appearing in
the latter equation is a constant and given by T satγ /T
max
γ ' 34, which can be seen by applying the definitions. The
abundance ratio has a power-law dependence on the parameters and corresponds to the segments of the red lines in the
top right part of Fig. 4. For the intermediate regimes where saturation happens close to today or to matter-radiation
equality, a simple power-law scaling cannot be found for capturing accurately the transitions. These regimes are the
regions in Fig. 4 where the red curves start to bend in the log(mχ)-log(mφ) plane. The procedure to obtain the
solution in these regimes are still the same as in the most simple cases described above, however, the expressions
become lengthy and for simplicity we do not show these cases here. Note that in all the estimates of Γ shown here, we
have neglected the minor impact of the dark energy as well as the effect of non-linear structure formation, assuming
our homogeneous DM density treatment is valid until today. To evaluate our estimates the following values are used:
r0 = 0.36 , (C20)
T eqγ = 0.80 eV , (C21)
T 0γ = 2.34× 10−4 eV , (C22)
(gs/
√
geff)0 = 2.12 . (C23)
3. Redshift of reannihilation onset
In Section III A, we have defined the onset of reannihilation as the redshift zrea where the comoving number density
changes first by 1 % after kinetic decoupling. Using Eq. (C11), zrea can be found by solving the integral equation
0.01 =
∫ xrea
xkd
dx
Γ
x
, (C24)
where xrea =
mχ
T 0γ (1+zrea)
. We are mainly interested in the case where reannihilation happens between recombination
and today. It turns out that the relevant parameter region is where xcd . x1/v and Γ as a function of temperature
can be obtained from Γ1/2/3:
Γ(x) = 0.033× 9.7
(gs/
√
geff)cd
xcd
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( αχ
0.02
)( mχ
TeV
)−1 ( mφ
MeV
)( T kdl
0.25 keV
)
×

(
x
x0
)1/2
x & xeq ,(
xeq
x0
)1/2
x
xeq
xeq & x .
(C25)
The time integration can be approximated as:∫ xrea
xkd
dx
Γ
x
≈
∫ xeq
x1/v2
+
∫ xrea
xeq
dx
Γ
x
≈ Γ(xrea)
[
2− (T 0γ /T eqγ )1/2 (1 + zrea)1/2] . (C26)
Taking this approximation in Eq. (C24) and solving for fixed zrea we obtain the green lines in Fig. 4. In the case
where xrea  xeq we can approximate the integral as:∫ xrea
xkd
dx
Γ
x
≈ 2Γ(xrea) . (C27)
Taking this approximation in Eq. (C24) and solving for zrea we finally obtain Eq. (25).
In regions where reannihilation can only change the DM abundances by less than 1 %, zrea is no longer defined —
in Fig. 4 this is where the green lines stop. Note that we have implicitly assumed that the saturation temperature
is much lower than the reannihilation temperature. In the critical region, where the saturation redshift approaches
zrea this approximation is no longer valid, and we indicate this by the solid green curves changing into dashed green
curves in Fig. 4. Since the dashed region is outside the SIDM blue band we do not investigate this case further, but
we have confirmed that our numerical code exactly reproduce our estimates in its valid regime but starts to deviate
when the green lines becomes dashed.
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Appendix D: Standard Hubble expansion rate
The Hubble expansion rate as a function of the standard energy densities is given by Eq. (53). When including
reannihilation we replace ρc by ρdark via Eq. (36) and when studying decaying DM we replace ρc via Eq. (56). In all
cases, we take an effective neutrino mass mν into account in the time evolution of ρν . We introduce a single massive
eigenstate (minimum-mass normal hierarchy) such that the SM neutrino energy density evolves according to
ρν
ργ
=
Neff
3
7
8
(
4
11
)4/3 2 + Iν
(
mν
T 0ν (1+z)
)
Iν(0)
 , (D1)
where T 0ν = (Neff/3)
1/4(4/11)1/3T 0γ and
Iν(x) =
1
pi2
∫ ∞
0
dy
√
x2 + y2
y2
ey + 1
, (D2)
with Iν(0) = 7pi
2/120 and the default value of the CMB temperature of today is T 0γ = 2.7255 ± 0.0006 K [104]. We
derive the photon energy density from the temperature of today to be
Ωγh
2 = 2.4728× 10−5 (D3)
and other default parameters that we use, from Planck 2015 [1], are
mν = 0.06 eV , (D4)
Neff = 3.046 . (D5)
Furthermore, we use the results of the Planck 2015 (TT+lowP) analysis [1] where the relevant base parameters are
constrained to be
Ωch
2 = 0.1197± 0.0022 , (D6)
Ωbh
2 = 0.02222± 0.00023 , (D7)
and the derived parameters from the same analysis are given by
ΩΛ = 0.685± 0.013 , (D8)
h = 0.6731± 0.0096 , (D9)
z∗ = 1090.09± 0.42 , (D10)
zdrag = 1059.57± 0.46 . (D11)
Using Eqs. (D3)–(D11) in Eqs. (49)–(52), we reproduce the Planck 2015 reported values (given within the parenthesis
below) of 100θ∗, rs(z∗) and rs(zdrag):
100θ∗ = 1.04103 (1.04105± 0.00046) , (D12)
rs(z∗) = 144.625 (144.61± 0.49) , (D13)
rs(zdrag) = 147.34 (147.33± 0.49) . (D14)
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